Introduction. Optimization is a criterion, on the ground of which, comparative estimation of possible alternatives and selection of the best decisions is carried out. Cost of a shell, its minimum weight, absence of bending moments and tensile normal stresses, given stress state for acting external load, given bearing capacity when optimal shallowness, maximum external load, minimum weight under limitation on the value of natural frequencies of vibration and maximum displacements, absence of bending moments with taking into account internal pressure, dead weight, and centrifugal forces; maximum of critical force and something else can be criterion of selection of optimal shape of shell of revolution.
Introduction 1
It is well known that shells of revolution are the most widely-distributed type of shells. They are used in different fields of human activity viz in architec-1 Acknowledgments. The publication has been prepared with the support of the THEORY OF THIN ELASTIC SHELLS available alternatives. In the simplest case, an optimization problem consists of search of minimum or maximum value of a real function by choosing it from within an allowed set [4] . W. Stadler and V. Krishnan [5] have written that about 5,000 scientific papers and more than 100 monographs published since earnest 1970 until 1990 were devoted to problems of optimization of forms of shells of revolution. N.I. Abramov and V.T. Alekcandrov [6] noted: "Algorithms and program means, in general, are devoted to solution of classical optimization problems and do not take into consideration the real design requirements, constructive restrictions, and regulations of building standards". Principles put in the basis of optimal design and criteria of optimality must be given with the help of language quite naturally for computer [7] .
Consider some of the most important criteria of optimality that are adapted for practical conditions or already have found application under investigation of shells of revolution.
Criteria of optimality of shells of revolution
Maximum of ratio of the volume of inner shell space to the area of the surface. V.E. Mihailenko, V.S. Obuhova, A.L. Podgorniy [8] introduced into practice the special criterion
where S is the minimum area of surface of revolution covering the maximum volume V. The more criterion n the better designed midsurface of the shell of revolution is with geometrical point of view. The scientists presented this criterion approved it in a class of the second order surfaces of revolution and obtained the optimal criteria n max for every group of surfaces of revolution with variable rise of the surface. So, they determined optimal rise of a surface of revolution in every group of the surfaces with the rest constant values of the geometric parameters.
But having used the method of investigation presented in a book [8] , it was shown that the results obtained in a paper [9] differed in the main from the results given in [8] . It means that no one in the considered surfaces of revolution does not have maximum for the introduced criterion n, i.e. optimization of chosen geometric shape of surface of revolution under the criterion (1) does not make sense.
Minimum volume of inner space of shell with given area of its middle surface. This problem can be formulated by the following way: it is necessary to design a shell of revolution of the nodoid type with minimum area of surface under given volume in advance [10] . It means to find the plane curve, i.e. the meridian, when its rotation forms the necessary middle surface of the shell of revolution of alternating gauss curvature. This criterion is recommended to use for designing atomic installations [11] .
A condition of equi-strength. A condition of equistrength of thin-walled shell of reservoir is assumed as a basis of analysis of drop-shaped reservoir for the liquid products [12] . Geometry of the middle surface of a shell is chosen on condition that tensile meridional and circular forces will be equal to each other and constant (N 1 = N 2 = N = const) under an action of designed load. It means that a condition 1/R 1 + 1/R 2 = γ(h + y)/N = pN must be satisfied. This equation follows from the condition of equilibrium of a shell element (Laplace formula). Here R 1 and R 2 are radiuses of principle curvatures correspondingly in meridional and circular directions. The key designed load (inner pressure)
is a sum of hydrostatical pressure of liquid and uniform redundant pressure; у is the distance the peak from a considered point of the shell in the vertical direction; γ is a density of the product; h is a height of designed column of liquid.
This criterion was used, for instance, for a membrane chaotically reinforced composite shell [13] . The meridian of the shell is built through the points.
Forming of the single surface of revolution with two given parallels and having the given magnitudes of coefficients of the first fundamental form in the theory of surfaces. E. Annaberdyev [14] offers a method of selection of the single surface of revolution passing through given parallels and having the given magnitudes of coefficients of the first fundamental form in the theory of surfaces
A surface of revolution cannot be designed when a finite number of its parallels is taken. A smooth meridian of the middle surface of shell of revolution is formed as a curve passing through two points and having the common tangents at the joints of the parallels for maintaining smoothness of the meridian.
Minimum-weight shell. This criterion is used rather often. For instance, comparison of the results of a strength analysis of membrane shells of revolution with an ellipsoid of revolution of variable and constant thickness is given in a paper [15] . Comparative analysis showed that the shells of minimum weight of variable thickness loaded by uniform inner pressure have some advantages.
Minimum weight of a shell with given in advance angles of inclination of tangents to the meridian on circle edges. Efforts to develop low-mass, high-strength aerospace structures have produced many efficient structural concepts. This criterion is used too in aerospace field. As a result, they derive optimal shape of the meridian and distribution of the thickness along the meridian. Several examples illustrating an application of this criterion are presented in a report [16] . The method makes use of linear membrane theory. Stroud W. Jefferson supposed that membrane theory greatly simplifies the calculations and appears to be sufficiently accurate for the type of shell problems considered. The method uses the strain energy of distortion yield condition of Von Mises to relate the stress resultant to the thickness. The mass as a function of the shape is expressed with the help of an integral. The integral is minimized by a Ritz procedure together with nonlinear mathematical programing method. Two types of shell shapes were considered: transition sections, which are open at both ends, and pressurevessel heads, which are open at one end and closed at the other.
Minimum weight with step-function distribution of shell thickness. A methodology of optimal design of shells with step-function distribution of thickness, i.e. ribbed shells and shells with a discrete inner layer, is used for designing of shells of revolution of minimum weight with simultaneous guaranteeing strength, stability, and rigidity. This problem is solved in two stages [17] . At the first stage, the optimization problem consists in determination of the general dimensional parameters of shell, i.e. shape and constant thickness of the shell of minimum weight. The second stage gives a possibility to detail dimensional parameters of the shell. These design parameters describe the location and size of the ribs, the reinforcement parameters, etc. It is supposed that the thickness is changed from the center to the edges linearly, but is not changed along the parallels. The solution of the second stage is based on the results of the first stage calculation. A methodology of solution of the problem of the first stage for ribbed shells working in the geometrically nonlinear deformation stage uses the Galerkin method in finite element formulation.
In a paper [17] , the effectiveness of the presented method of optimization is shown in comparison with methods offered by other researchers earlier. Such methods as the multidimensional continuous search or a method of the grid, the steepest descent method with a variable step, and a method based on a combination of the gradient method and the random search method have been chosen for a comparative analysis in [17] .
Optimal distribution of thickness. In a paper [18] , a problem on optimal distribution of thickness in an elastic shell loaded by external pressure and by selfweight under loss of bearing capacity restriction is studied. The same criterion is used by M. Serra [19] for membrane shells.
Optimal distribution of variable thickness in combined shells of revolution similar to equi-strength shells. There is a method of solution of problems of optimal distribution of constructional materials in combined elastic shells with taken geometrical nonlinearity into consideration when stationary value of the functional of additional energy of strain is criterion of quality. This criterion can be used for a non-thin shell under non-axisymmetric loading. In that case, the method of solution of problems of optimal distribution of constructional materials in a non-thin elastic orthotropic shell of revolution with given volume of material comes to the guarantee of minimum value of the functional of energy of strain. This criterion was illustrated on concrete examples in a dissertation [20] . The criterion can be used for the solution of important applied problems of analysis and optimization of elements of aircrafts and articles of constructive optics.
Minimum volume and expected strength under given load. Those who use this criterion raise a problem: it is necessary to find a shape of axisymmetric shell of revolution having minimum volume and this shell must be durable when bending moments are absent under action of inner pressure, dead weight, or centrifugal forces [21] . Methods of calculus of variations, the criterion of strength of Tresca, and expansion of the solution into a power series of the independent variable are used in the time of solution of the problem.
The absence of bending moments and tensile normal forces. Designers must secure the absence of bending moments and tensile normal forces in projected tensionless masonry domes. For these cases, the criterion used by M. Farshad [22] should be rather helpful. As the result of this study the meridional shape and thickness variation of a tensionless masonry dome was obtained.
Minimum weight of shell from quasi-brittle material with taking into account appearance and progress of cracks as a result of action of given minimum value of cycles. The most important task is a problem of optimization of shells from brittle material with due regard for initial defects and accumulation of damages [23] . But the most part of investigations on theory of optimal design is fulfilled without taking into consideration initial damages and assumptions of possibilities of appearance and progress of cracks. At first, problems of optimization with taking THEORY OF THIN ELASTIC SHELLS into account appearance of cracks with given parameters in advance were studied but N.V. Banichuk with colleagues [23] already introduces a factor of incompleteness of information. In this paper, the authors [23] study the problem of finding axisymmetric shape of thin-walled momentless shell of revolution possessing minimum mass and answering the geometrical constraints, the constraints on the permissible number of cycles before destruction, if axisymmetric external actions are applied. The problem of finding of optimal shape of shell consists in determination of radii of parallels of the shell of revolution of constant thickness.
The given bearing capacity for optimal slope. When it is necessary to ensure the given bearing capacity for optimal slope of shell, designer can avail oneself of the results presented in a paper [24] where this criterion is considered.
L.Yu. Stupishin [25] used the same criterion of optimality but he solved a problem on the basis of the principle of maximum of L.S. Pontryagin under buckling constraints.
Minimum volume of concrete and minimum weight of reinforcement of ellipsoidal shell of revolution with optimal rise (slope). This criterion practically coincides with the foregoing but it is used only for reinforced concrete shells. K.M. Gmirach with his colleagues [26] proposes to find an optimal shell rise under constant value of the radius of the foundation, i.e. an optimal ratio of the rise of an elliptical reinforced concrete shell of revolution to the radius of the foundation may be taken as the criterion of optimality. In a paper [26] , three domes with different rise were analyzed. The stresses in the support ring, the total area of reinforcing, and the total expense of concrete were calculated. The results of investigations proved that application of elliptical reinforced concrete domes with a rise less than 11.5 m and with a 27 m diameter of the foundation is not rational, because the dome begins to work on tension instead of compression.
Given bearing capacity of combined shell under condition of dividing of its meridian into 5 sections that are approximated by circles of different radii. A meridian of a shell of revolution is divided into five section, every section is substituted for a curve outlined along a circle of R i (i = 1 -5) in radius. A numerical analysis of the shell is fulfilled with the application of standard formulae of a theory of thin shells. Having studied the obtained results, one can change one or several radii and repeat the analysis. These analyses are fulfilled several times until acceptable result will be. This method is described in a paper [27] .
Minimum weight of the combined shell with given in advance bearing capacity. V.V. Toropov [28] solved a problem of minimization of weight of the combined axisymmetric shell structures with the application of the principle of stage parametrical optimization. The analysis of the structure under given set of the operated parameters of thickness of separate components of the shells was carried out by the finite difference energy method. A system of the interactting restrictions for stresses, displacements, and stability was approved.
On the basis of a complex search in a dissertation of V.G. Malakhov (2003) and in his paper [29] , an algorithm of finding of a combined shell of revolution with optimal weight under strength constraint was devised when the thicknesses of the shell structures and the parameters of supporting rings are unknown design variables.
Weight constraint for a shell of conjugation of two shells of revolution. This criterion coincides practically with the foregoing criterion. In a paper [30], a numerical procedure of optimization of a shell of revolution connecting a cylinder to a sphere under internal pressure is offered. A procedure based on a direct variational method. An optimal shape of the shell of conjugation is determined under condition that its meridian is given by a function differentiable at least twice. The design is set up with respect to volume restriction, weight constraint and governing yield criterion. The shell of conjugation can have variable thickness and has the same strength as that of an unpierced sphere subjected to internal pressure.
An approach to problem, presented in a paper [30] , can be applied for shells of smooth conjugation with conic and cylindrical midsurfaces, brought in a paper [31] , where meridians are taken in the form of the section of the sinusoid.
The minimization of the volume of the shell material, the maximization of the fundamental natural frequency, the minimization of the maximum stresses, and the minimization of the maximum displacement. This criterion of optimality is given in a paper "Sensitivity analysis and optimal design of thin shells of revolution" [32] . Stress-strain state of axisymmetric shells of revolution under action of arbitrary loads is determined in classical formulation of Love -Kirchhoff with the help of FEM. The criterion was approved for conic, cylindrical, and compound cylindrical-and-conical shells. The objective of the design is the minimization of the volume of the shell material, the maximization of the fundamental natural frequency, the minimization of the maximum stresses, or the minimization of the maximum displacement. The constraint functions are the displacements, stresses, enclosed volume of the structure, volume of shell material or the natural frequency of a specified mode shape.
G.I. Belikov, A.A. Tarasov [33] solved a problem of increasing of the lowest frequency of natural oscillations with the help of change of the geometrical parameters and the form of meridian of hyperbolic cooling towers with taking into consideration influence of self-weight on the stress-strain state of the shell.
Solving the problems of optimization, they used a method of relaxation with correction of the vector of solution for every iteration. By the way, G.I. Belikov derived that demands to shell about frequency of natural vibrations are well coordinated with strength constraint [34] .
The same criterion is used in a dissertation [35] where problems of optimization of a shell of minimum mass are considered with constraints on maximum stresses or displacements, on minimal natural frequencies and on the geometrical parameters when the natural frequencies depend on preliminary loading.
Maximum of the buckling load capacity when a volume of the barrel-shaped shell is given in advance. In a paper [36], barrel-shaped shells with fixed opposite edges subjected to axial compression are examined under buckling constraints. For this case, optimal curvature of the meridian of the middle surface of shell of revolution under action of maximum critical load is found when its volume is given in advance Minimum normal stresses in shells of revolution with the same overall dimensions, boundary conditions, and external load. Several shells of revolution, the middle surfaces of which are formed by convex or concave in one side meridians, are taken for consideration. Then, it is necessary to choose the constants in the parametrical equations of these surfaces in order to receive the same overall dimensions of the shells. Then, they obtain the parameters of stress-strain state of the selected shells; make proper graphic representations of displacements, bending moments, normal and shearing forces, and compute maximum normal stresses in appointed sections. At the last stage, they find minimum values from maximum values of normal stresses and that shell is considered as optimal one. In a paper [37] , this criterion was approved after the example of five shells of revolution of negative curvature (Figure) . The investigation of B. Nick [38] , conducted with 5 types of domes (spherical, elliptical, parabolic, hyperbolic domes, and combined domes with middle surfaces, consisting of hyperbolic and parabolic surfaces), was realized with the application of the same criterion. He insists that a dome formed from the lower hyperbolic dome and the upper paraboloid of revolution is the best of all.
Maximum of inside blast pressure. Now, the protection of erections from the terrorist attacks and, thus, search of effective structural shapes to mitigate the blast energy is very important problem. The influence of inside blast pressure is studied for six shapes of domes of the same weight and thickness in a paper [39] . The study shows that the parabolic and bowl shape of domes could withstand the blast load with least top displacement.
Minimum expenditures for making, transport, assembling, and exploitation of combined reinforced concrete shells. This criterion was presented in a paper [40] . The height of a combined reinforced concrete dome and the parameter describing the form of combined shells were taken as the modified guided parameters. A shell made of unified plates with the dimensions of 3×6 m in the form of spherical surface was considered as an example. selection which gives minimum cost of building of shell structure under strength constraints. A method of selection is decrease of permissible initial thicknesses until stresses and deformations in shell do not achieve the allowable tensile stresses and the allowable deformation under compression. This process is put into effect with changing shell rise from maximum height till minimal height. The value of decided parameters giving the minimum cost will be taken as optimal solution.
A cost restriction is total cost of reinforced concrete shell, cost of external and inner finishing layers. This minimization must be limited by technical demands of safety. A cost restriction is represented by three group restrictions that limit the minimization of design variables that are strength constraints of material, minimum thickness restriction, and restriction of the minimum height which must be functionally required.
In a dissertation [41] , the computer program for optimization of a spherical shell is presented and approved. Data generation includes the constant shell span (D) and variable parameters of a process of optimization, i.e. the shell rise (h), the initial shell thickness (t c ) at the peak and at the support (t s ). The program of optimal analysis consists of two parts [41] . The first part contains data generation. This part non-linearly analyses a shell with taking in consideration the self-weight and live load (snow and wind load). The second part uses the method of selection. This part offers optimal analysis of a shell, i.e. it finds optimal thickness at the shell peak and at the support that are variables in the cost restriction. Finally, the cost of the shell of revolution is calculated.
The results of the second part are used again as the data generation for the first part but with new geometrical parameters (h, t c , t s ) and again it is necessary to revert to the second part, and so on.
The total cost of a reinforced concrete dome with minimum normal stresses and minimum constant thickness. This criterion is introduced in a paper [4] , where a dome with reinforcement in both meridional direction and hoop direction is under consideration. The criterion is illustrated for three spherical domes with diameters equal to 6 m, 20 m, and 45 m. The total cost consists of the cost of reinforcing steel and concrete. For optimization of dome structure dynamic programming method is used.
Conclusions
V.V. Novozhilov was one of the first who began to seek for a shell of revolution with the most advantageous indices of stress-strain state. In particular, examining four different domes viz spherical, parabolic, halfelliptical, and the lesser part of elliptical, he determined that a dome in the form of the lesser part of ellipsoid of revolution was the most advantageous one because it can work as momentless shell with comparatively slight rigidity of the support contour. Membrane strength theory of shells subjected to dead load was used.
V.G. Malakhov [20] shows that yearly number of publications devoted to optimal design of shells remains rather great during the last ten years. It points at stable interest of researchers in problems of optimal designing. Considerably less works are devoted to optimal designing of thick shells.
After the first results of shell optimization since 1960 till present time, interest in establishment of criteria of optimality and in solution of optimization problems increases under conditions of regularly increasing requirements for creation of optimal shells of revolution for different branches of human activity. Before the beginning of subsequent investigations, it is necessary to study previous results of using of criteria of optimality. This review paper can help in studying of existing criteria.
In this paper, criteria of optimality for composite shells of revolution are not presented. Those who are interested in this problem can begin with a book [42] with 73 references, where criteria of optimality of shell structures from reinforced composite materials are enumerated or with more late works [43; 44] and with a work [45] containing 88 references, where laminated composite and sandwich plates and shells are considered.
